Chapter 4

Construction of Manifolds From
Gluing Data

4.1 Sets of Gluing Data for Manifolds

The definition of a manifold given in Chapter 3 assumes that the underlying set, M, is
already known. However, there are situations where we only have some indirect information
about the overlap of the domains, U;, of the local charts defining our manifold, M, in terms
of the transition functions,

wji: iU N U;) — (U N Uy),

but where M itself is not known. For example, this situation happens when trying to
construct a surface approximating a 3D-mesh. If we let Q;; = ¢;(U; N U;) and j; =
©;(U;NUj), then @j; can be viewed as a “gluing map”,

wjit iy — Qi
between two open subets of 2; and €2;, respectively.

For technical reasons, it is desirable to assume that the images, €2; = ¢;(U;) and Q; =
©;(U;), of distinct charts are disjoint but this can always be achieved for manifolds. Indeed,
the map

ﬁ:(xlv"'a'xﬁ)'_) $1n R m”n
\/14‘2@‘:1%2 \/14’21‘:19‘7?

is a smooth diffeomorphism from R™ to the open unit ball B(0,1) with inverse given by

—1 T Iy
X, Ty) = sy = .
s ) (vl—ziﬂ? \/1_211%2)

Since M has a countable basis, using compositions of § with suitable translations, we can
make sure that the €2;’s are mapped diffeomorphically to disjoint open subsets of R™.
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164 CHAPTER 4. CONSTRUCTION OF MANIFOLDS FROM GLUING DATA

Remarkably, manifolds can be constructed using the “gluing process” alluded to above
from what is often called sets of “gluing data.” In this chapter, we are going to describe this
construction and prove its correctness in details, provided some mild assumptions on the
gluing data. It turns out that this procedure for building manifolds can be made practical.
Indeed, it is the basis of a class of new methods for approximating 3D meshes by smooth
surfaces, see Siqueira, Xu and Gallier [138].

It turns out that care must be exercised to ensure that the space obtained by gluing
the pieces €2;; and 2;; is Hausdorff. Some care must also be exercised in formulating the
consistency conditions relating the ¢;;’s (the so-called “cocycle condition”). This is because
the traditional condition (for example, in bundle theory) has to do with triple overlaps of
the U; = 0;(€2;) on the manifold, M, (see Chapter 7, especially Theorem 7.4) but in our
situation, we do not have M nor the parametrization maps #; and the cocycle condition on
the ¢;;’s has to be stated in terms of the (2;’s and the €2;;’s.

Finding an easily testable necessary and sufficient criterion for the Hausdorff condition
appears to be a very difficult problem. We propose a necessary and sufficient condition, but
it is not easily testable in general. If M is a manifold, then observe that difficulties may arise
when we want to separate two distinct point, p,q € M, such that p and ¢ neither belong
to the same open, 6;(€2;), nor to two disjoint opens, 0;(€2;) and 6;(€2;), but instead, to the
boundary points in (9(0;(€2;;)) N 0:(€%)) U (0(0:(€25:)) N 0;(€2;)). In this case, there are some
disjoint open subsets, U, and Uy, of M with p € U, and q € U,, and we get two disjoint open
subsets, V, = 0;'(U,) € Q; and V,, = 6:(U,) C Q;, with 0;(z) = p, 0;(y) = ¢, and such
that € 9(Q;;) Ny, y € 9(2;) N, and no point in V, N §2y; is the image of any point in
Ve N Q5 by @j;. Since V, and V, are open, we may assume that they are open balls. This
necessary condition turns out to be also sufficient.

With the above motivations in mind, here is the definition of sets of gluing data.

Definition 4.1 Let n be an integer with n > 1 and let k£ be either an integer with £ > 1 or
k= o00. A set of gluing data is a triple, G = ((%)er, () Gj)erxr: (¢ji)@j)ek ), satisfying the
following properties, where [ is a (nonempty) countable set:

(1) For every i € I, the set €2; is a nonempty open subset of R™ called a parametrization
domain, for short, p-domain, and the €2; are pairwise disjoint (i.e., €; N Q; = 0 for all

i j).
(2) For every pair (i,7) € I x I, the set {2;; is an open subset of ;. Furthermore, €;; = Q;
and Q;; # 0 iff Q;; # 0. Each nonempty Q;; (with ¢ # j) is called a gluing domain.

(3) If we let
K ={(i,j) € I x I | Q; # 0},

then p;;: Q;; — Qj is a C* bijection for every (i,;) € K called a transition function
(or gluing function) and the following condition holds:
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(c) For all 4,7, k, if ©;; Ny, # 0, then 4,0]-_i1(jS N Q) € Qy and
ori(z) = @i o wji(x), forall z € gpj_il(jS N Q).

Condition (c) is called the cocycle condition.

(4) For every pair (i,7) € K, with i # j, for every x € 9(£;;)NQ; and every y € 0(€2;;) N8,
there are open balls, V, and V), centered at x and y, so that no point of V,, N 2;; is the
image of any point of V; N ;; by ¢j;.

Remarks.

(1) In practical applications, the index set, I, is of course finite and the open subsets, €2;,
may have special properties (for example, connected; open simplicies, etc.).

(2) We are only interested in the €;;’s that are nonempty but empty €2;;’s do arise in proofs
and constructions and this is why our definition allows them.

(3) Observe that 2;; C Q; and Q;; C Q;. If i # j, as Q; and Q; are disjoint, so are €;; and
Q’L]‘

(4) The cocycle condition (c) may seem overly complicated but it is actually needed to
guarantee the transitivity of the relation, ~, defined in the proof of Proposition 4.1.
Flawed versions of condition (c¢) appear in the literature, see the discussion after the
proof of Proposition 4.1. The problem is that ¢ o ¢;; is a partial function whose
domain, gp}il(ﬂji N€j), is not necessarily related to the domain, €, of ¢y;. To ensure
the transitivity of ~, we must assert that whenever the composition ¢y; o ¢;; has a
nonempty domain, this domain is contained in the domain of ¢y; and that ¢, 0¢;; and
©r; agree. Since the ¢;; are bijections, condition (c) implies the following conditions:

(a) @i =idg,, for all ¢ € 1.
(b) wij = @', for all (i, j) € K.

To get (a), set i = 7 = k. Then, (b) follows from (a) and (c) by setting k = 1.

(5) If M is a C* manifold (including k = oo), then using the notation of our introduction,
it is easy to check that the open sets €);, €2;; and the gluing functions, ¢;;, satisfy
the conditions of Definition 4.1 (provided that we fix the charts so that the images
of distinct charts are disjoint). Proposition 4.1 will show that a manifold can be
reconstructed from a set of guing data.

The idea of defining gluing data for manifolds is not new. André Weil introduced this
idea to define abstract algebraic varieties by gluing irreducible affine sets in his book [146]
published in 1946. The same idea is well-known in bundle theory and can be found in
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standard texts such as Steenrod [139], Bott and Tu [19], Morita [112] and Wells [148] (the
construction of a fibre bundle from a cocycle is given in Chapter 7, see Theorem 7.4).

The beauty of the idea is that it allows the reconstruction of a manifold, M, without
having prior knowledge of the topology of this manifold (that is, without having explicitly
the underlying topological space M) by gluing open subets of R™ (the €;’s) according to
prescribed gluing instructions (namely, glue €; and €2; by identifying €2;; and €2;; using ¢;;).
This method of specifying a manifold separates clearly the local structure of the manifold
(given by the €;’s) from its global structure which is specified by the gluing functions.
Furthermore, this method ensures that the resulting manifold is C* (even for k = oo) with
no extra effort since the gluing functions ¢;; are assumed to be C*.

Grimm and Hughes [67, 68] appear to be the first to have realized the power of this latter
property for practical applications and we wish to emphasize that this is a very significant
discovery. However, Grimm [67] uses a condition much stronger than our condition (4) to
ensure that the resulting space is Hausdorff. Their cocycle condition is also too weak to
ensure transitivity of the relation ~. We will come back to these points after the proof of
Proposition 4.1.

Working with overlaps of open subsets of the parameter domain makes it much easier to
enforce smoothness conditions compared to the traditional approach with splines where the
parameter domain is subdivided into closed regions and where enforcing smoothness along
boundaries is much more difficult.

Let us show that a set of gluing data defines a C* manifold in a natural way.

Proposition 4.1 For every set of gluing data, G = ((%)er, (j)ij)erxi (Pii) ek ), there
is an n-dimensional C* manifold, Mg, whose transition functions are the pj;;’s.

Proof. Define the binary relation, ~, on the disjoint union, [[,.; €2, of the open sets, €);, as

follows: For all z,y € [[,c; 4,

el

r~y it (3(,7) € K)(x € Qij, vy € i, y = @ji()).
Note that if z ~ y and & # y, then i # j, as ¢; = id. But then, as x € ;; C
y€Q; CQand Q,NQ; =0 when i # j, if . ~y and z,y € Q;, then z = y.

We claim that ~ is an equivalence relation. This follows easily from the cocycle condition
but to be on the safe side, we provide the crucial step of the proof. Clearly, condition
(a) ensures reflexivity and condition (b) ensures symmetry. The crucial step is to check
transitivity. Assume that x ~ y and y ~ z. Then, there are some 1, j, k such that

(i) v € Qij, y € QN Qg 2 € Qi and

(i) ¥ = ji(z) and 2 = @ (y).
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Consequently, ;N # 0 and z € c,pj_il(jSﬂij), so by (c), we get <pj_i1(jSﬂij) C Qi
and thus, ¢ (x) is defined and by (c) again,
Pri(T) = @rj © pji(T) = 2,
that is, © ~ z, as desired.
Since ~ is an equivalence relation let
Mg = <H Ql> / ~
icl

be the quotient set and let p: [[,., € — Mg be the quotient map, with p(x) = [z], where
[x] denotes the equivalence class of x. Also, for every i € I, let in;: Q; — []..; € be the
natural injection and let

i€l
T, =poin;: Q; — Mg.

Since we already noted that if x ~ y and z,y € €);, then x = y, we conclude that every 7; is
injective.

We give Mg the coarsest topology that makes the bijections, 7;: €; — 7;(€2;), into home-
omorphisms. Then, if we let U; = 7;(Q;) and ; = 7, ', it is immediately verified that
the (U;, ;) are charts and this collection of charts forms a C* atlas for Mg. As there are
countably many charts, Mg is second-countable. Therefore, for Mg to be a manifold it only
remains to check that the topology is Hausdorff. For this, we use the following:

Claim. For all (i,j) € I x I, we have 7;(€;) N7;(;) # 0 iff (4,5) € K and if so,
i($) N 75(8Y) = 7(Qi) = 75(E).-
Proof of Claim. Assume that 7;(€;) N 7;(€2;) # 0 and let [z] € 7,(€2;) N 7;(Q;). Observe that

[z] € (%) N7;(Qy) iff 2 ~ 2 and 2z ~ y, for some z € Q; and some y € ;. Consequently,
x ~ y, which implies that (i,7) € K, x € {;; and y € ;.

We have [z] € 7;(€;) iff z ~ z for some = € €;;. Then, either ¢ = j and z = z or i # j
and z € Qj;, which shows that [z] € 7;(€;;) and so,

7i(Qi5) € 75(Qyi)-
Since the same argument applies by interchanging ¢ and j, we have
7i(Qij) = 75 (E50),
for all (i,7) € K. Since Q;; C Q;, Q;; € Q; and 7,(8;) = 7;(2;) for all (z,7) € K, we have
7i(Qi;) = () € () N 75(9),

for all (i,7) € K.
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For the reverse inclusion, if [z] € 7;(€;) N 7;(£2;), then we know that there is some x € €2,
and some y € j; such that z ~ z and z ~ y, so [z] = [z] € (), [2] = [y] € 75;(;;) and
we get

7i(8%) N 75(8y) € 7€) = 75(Q).
This proves that if 7;(Q;) N 7;(Q;) # 0, then (i, j) € K and

7i(2) N 75() = 7(Qyy) = 75(Qya).-

Finally, assume (7,7) € K. Then, for any z € Q;; C €;, we have y = ¢;;(z) € Q;; C Q;
and z ~ y, so that 7;(x) = 7;(y), which proves that 7;(€;) N 7;(;) # 0 and our claim is
proved.

We now prove that the topology of Mg is Hausdorff. Pick [z], [y] € Mg with [z] # [y],
for some z € Q; and some y € Q. Either 7;(Q;) N 7;(Q;) = 0, in which case, as 7; and 7; are
homeomorphisms, [z] and [y] belong to the two disjoint open sets 7;(€2;) and 7;(£2;). If not,
then by the Claim, (4,j) € K and

(%) N 75(Q2;) = 7:(Qj) = 75(y0).
There are several cases to consider:

a) If ¢ = j, then z and y can be separated by disjoint opens, V, and V,,, and as 7; is
y
a homeomorphism, [z] and [y] are separated by the disjoint open subsets 7;(V,) and

7i(Vy)-

(b) Ifi# 4,z € Q—Qy and y € Q; — Qyi, then 73(Q; — Q) and 75(Q; — Q) are disjoint
opens subsets separating [z] and [y].

(c) Ifi# j, z e Qjandy € Qy, as [z] # [y] and y ~ ¢;;(y), then z # ¢;;(y). We can
separate x and ;;(y) by disjoint open subsets, V,, and V,, and [z] and [y] = [¢;;(y)] are
separated by the disjoint open subsets 7;(V,) and 7;(V}).

(d) Ifi # 7, x € 0(;) NQ; and y € 9(£25;) N5, then we use condition (4). This condition
yields two disjoint open subsets V,, and V,, with z € V, and y € V, such that no point
of V, N QY;; is equivalent to any point of V,, N Q;, and so, 7;,(V;) and 7;(V,) are disjoint
open subsets separating [z] and [y].

Therefore, the topology of Mg is Hausdorff and Mg is indeed a manifold.

Finally, it is trivial to verify that the transition functions of Mg are the original gluing
functions, ¢;;. O

It should be noted that as nice as it is, Proposition 4.1 is a theoretical construction that
yields an “abstract” manifold but does not yield any information as to the geometry of this
manifold. Furthermore, the resulting manifold may not be orientable or compact, even if we
start with a finite set of p-domains.
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Here is an example showing that if condition (4) of Definition 4.1 is omitted then we may
get non-Hausdorff spaces. Cindy Grimm uses a similar example in her dissertation [67], but
her presentation is somewhat confusing because her €2; and €2, appear to be two disjoint
copies of the real line in R?, but these are not open in R?!

Let Ql = (—3, —1), Qg = (1,3), ng = (—3, —2), le = (1,2) and (,021(.%’) =+ 4. The
resulting space, M, is a curve looking like a “fork”, and the problem is that the images of
—2 and 2 in M, which are distinct points of M, cannot be separated. Indeed, the images of
any two open intervals (—2 —e€, —2+¢) and (2 —1n,2+n) (for €, > 0) always intersect since
(—2 — min(e, n), —2) and (2 — min(e,n),2) are identified. Clearly, condition (4) fails.

Cindy Grimm [67] uses a condition stronger than our condition (4) to ensure that the
quotient, Mg is Hausdorff, namely, that for all ¢, j € K with i # j, the quotient (2, [[Q;)/ ~
should be embeddable in R™. This is a rather strong condition that prevents obtaining a
2-sphere by gluing two open discs in R? along an annulus (see Grimm [67], Appendix C).

Grimm [67, 68] uses the following cocycle condition:

(¢’) For all x € Q;; N Qi
pri(z) = prj 0 @ji(1).

This condition is too weak to imply transitivity of the relation ~, as shown by the following
counter-example:

Let Ql = (0,3), Q2 = (4, 5), Q3 = (6,9), ng = (0, 1), ng = (2,3), 921 = 923 = (4, 5),
Q30 = (8,9), Q31 = (6,7), po1(x) = + 4, p32(x) = x + 4 and p3;(z) = = + 4.

Note that the pairwise gluings yield Hausdorff spaces. Obviously, @32 0 @o1(x) = = + 8,
for all 2 € Qyq, but Q15N Q3 = 0. Thus, 0.5 ~ 4.5 ~ 8.5, but 0.5 £ 8.5 since ¢31(0.5) is
undefined.

Here is another counter-example in which Q5 N Q3 # 0, using a disconnected open, €.

Let Ql == (0,3), QQ == (4,5) U (6, 7), Qg = (8,11), ng - (0, 1) U (2,3), ng == (2,3),
QQ1 = Qgg = (4,5)U(6, 7), 932 = (8,9)U(10, 11), Q31 = (8,9), 9021(1') = IE+4, 9032($) =xr+2
on (6,7), psa(x) =z +6 on (4,5), p31(x) =z + 6.

Note that the pairwise gluings yield Hausdorff spaces. Obviously, 32 0 @o1(x) = 2+ 6 =
@31(I) for all x € ng N ng = (2,3) Thus, 0.5 ~4.5 ~ 85, but 0.5 7(/ 8.5 since @31(05) is
undefined.

It is possible to give a construction, in the case of a surface, which builds a compact man-
ifold whose geometry is “close” to the geometry of a prescribed 3D-mesh (see Siqueira, Xu
and Gallier [138]). Actually, we are not able to guarantee, in general, that the parametriza-
tion functions, #;, that we obtain are injective, but we are not aware of any algorithm that
achieves this.

Given a set of gluing data, G = ((%)er, (Q45) 6 j)erxr: (¢ji)@j)ek), it is natural to consider
the collection of manifolds, M, parametrized by maps, 6;: €2; — M, whose domains are the
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();’s and whose transitions functions are given by the ¢j;, that is, such that
_ -1

Pji = ej (@) 91

We will say that such manifolds are induced by the set of gluing data, G.
The proof of Proposition 4.1 shows that the parametrization maps, 7;, satisfy the prop-
erty: 7,(€) N7;(Q) # 0 iff (4,5) € K and if so,
() N 75(€) = 1 (Qy) = 75(0)-

Furthermore, they also satisfy the consistency condition:

Ti = Tj © Pjis

for all (i,7) € K. If M is a manifold induced by the set of gluing data, G, because the 6;’s
are injective and ¢j; = 6’].’1 o 6;, the two properties stated above for the 7;’s also hold for the
0;’s. We will see in Section 4.2 that the manifold, Mg, is a “universal” manifold induced by
G in the sense that every manifold induced by G is the image of Mg by some C* map.

Interestingly, it is possible to characterize when two manifolds induced by the same set
of gluing data are isomorphic in terms of a condition on their transition functions.

Proposition 4.2 Given any set of gluing data, G = ((S%)er, (S%j) i jyerxi, (@ji)ajek), for
any two manifolds M and M’ induced by G given by families of parametrizations (€;,0;)icr
and (94, 0))icr, respectively, if f: M — M’ is a C* isomorphism, then there are C* bijections,

(2
pi: Wiy — W, for some open subsets Wi;, Wi, C €;, such that

157

@) =pjopjiop (x),  forall xeWy,

with j; = 0;109i and ¢’ = 0'~L o0, Furthermore, p; = (8, "o fo#;) | Wi; and if 0, o fob;

J

is a bijection from Q; to itself and 6" o f o 0:(S2ij) = Qij, for alli,j, then Wi; = Wi, = Q.

Proof. The composition 9;‘1 o f o#; is actually a partial function with domain
dom(0; "o fob)={xeQ|0i(x)e fob()}

and its “inverse” 6, ' o f~1 0 @] is a partial function with domain
dom (671 0 {1 0 0l) = {z € 0 | 8)(x) € f o 6:()}.

The composition 9}_1 ofofjopjol o flofisalsoa partial function and we let

Wii = Qi N dom(egf1 ofofjopjo 07 o f o), pi = (9;*1 ofob) | W
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and W}, = p;(W;;). Observe that 0; 0 ;; = 0;00; " 0 6; = 0;, that is,
(91' = 9j O SOJZ
Using this, on W;;, we get
, ol — gt 0. o (0t 9:)"1
pjowjiop; - = U ofobjowpjo(f ofob;)
= 9;_1of09j090ji09i_10f_109£
= 0 ofofiob o f b
_ 9;51 0 = @;w
as claimed. The last part of the proposition is clear. [J

Proposition 4.2 suggests defining a notion of equivalence on sets of gluing data which
yields a converse of this proposition.

Definition 4.2 Two sets of gluing data, G = (()er, () Gj)erxr, (©ji)jex) and G' =
()er, (Qug)gjyerxr (P5:)@.jex ), over the same sets of ;’s and €2;’s are equivalent iff there
is a family of C* bijections, (p;: Q; — Q;)ier, such that p;(€;;) = Q;; and

(P;Z(ZL’) = pP;j ©Pj; © pi_1<£L'), forall ze€ Qij,
for all 7, .

Here is the converse of Proposition 4.2. It is actually nicer than Proposition 4.2 because
we can take Wi; = W/, = Q.

Proposition 4.3 If two sets of gluing data G = ((S%)er, (%)) jyerxi, (Vi) jer) and G =
(er, (i) igerxr (Pgi)agex) are equivalent, then there is a C* isomorphism, f: Mg —
Mg/, between the manifolds induced by G and G'. Furthermore, f o, =7/ 0 p;, for alli € I.

Proof. Let f;: 1:(€;) — 7/(%;) be the C* bijection given by

/ —1
fi=TopioT ",

where the p;: ©; — ;’s are the maps giving the equivalence of G and G’. If we prove that f;
and f; agree on the overlap, 7;(€%;) N 7;(€2;) = 7;(€2;;) = 7;(;;), then the f; patch and yield
a C* isomorphism, f: Mg — Mg. The conditions of Proposition 4.3 imply that

P 0 Pi = Pj o Pji

and we know that
! ! /
T, = T; 0 Q.
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Consequently, for every [z] € 7;(€;;) = 7:(€;), with 2 € €;;, we have

fillz)) = rjopjor?

= T;0p;opji(r)
= TJ/'OSO;‘z‘Opi(@
= 7,0 pi()

which shows that f; and f; agree on 7;(€;) N 7;(€;), as claimed. J

In the next section, we describe a class of spaces that can be defined by gluing data
and parametrization functions, 6;, that are not necessarily injective. Roughly speaking,
the gluing data specify the topology and the parametrizations define the geometry of the
space. Such spaces have more structure than spaces defined parametrically but they are
not quite manifolds. Yet, they arise naturally in practice and they are the basis of efficient
implementations of very good approximations of 3D meshes.

4.2 Parametric Pseudo-Manifolds

In practice, it is often desirable to specify some n-dimensional geometric shape as a subset of
R? (usually for d = 3) in terms of parametrizations which are functions, 6;, from some subset
of R into R? (usually, n = 2). For “open” shapes, this is reasonably well understood but
dealing with a “closed” shape is a lot more difficult because the parametrized pieces should
overlap as smoothly as possible and this is hard to achieve. Furthermore, in practice, the
parametrization functions, #;, may not be injective. Proposition 4.1 suggests various ways
of defining such geometric shapes. For the lack of a better term, we will call these shapes,
parametric pseudo-manifolds.

Definition 4.3 Let n, k,d be three integers with d > n > 1 and k > 1 or k = co. A
parametric C* pseudo-manifold of dimension n in R? is a pair, M = (G, (0;)ic1), Where
G = ((%)er, ()G jerxrs (@ji)@ex) is a set of gluing data for some finite set, I, and each
0, is a C* function, 0;: Q; — R%, called a parametrization such that the following property
holds:

(C) For all (i,j) € K, we have
9i = Qj O Pjs-

For short, we use terminology parametric pseudo-manifold. The subset, M C R%, given by

M = o)

i€l
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is called the image of the parametric pseudo-manifold, M. When n = 2 and d = 3, we say
that M is a parametric pseudo-surface.

Condition (C) obviously implies that
0i($i;) = 0;(),

for all (7,j) € K. Consequently, #; and §; are consistent parametrizations of the overlap,
0;(€2;;) = 0;(€;;). Thus, the shape, M, is covered by pieces, U; = 6;(€;), not necessarily open,
with each U; parametrized by 6; and where the overlapping pieces, U; N U;, are parametrized
consistently. The local structure of M is given by the 6;’s and the global structure is given
by the gluing data. We recover a manifold if we require the 6; to be bijective and to satisfy
the following additional conditions:

(C’) For all (i,7) € K,
0: (%) N 6;(€) = 0;(z) = 0;(Qa).

(C”) For all (i,7) ¢ K,
0;(2) N 0;(Q;) = 0.

Even if the 6;’s are not injective, properties (C’) and (C”) would be desirable since they
guarantee that 6;(€2; — ;) and 0;(Q; — Q;;) are parametrized uniquely. Unfortunately, these
properties are difficult to enforce. Observe that any manifold induced by G is the image of
a parametric pseudo-manifold.

Although this is an abuse of language, it is more convenient to call M a parametric
pseudo-manifold, or even a pseudo-manifold.

We can also show that the parametric pseudo-manifold, M, is the image in R? of the
abstract manifold, Mg.

Proposition 4.4 Let M = (G, (6;)ic1) be parametric C* pseudo-manifold of dimension n in
R, where G = (()er, (Qij)jyerxt, (@ji)aper) is a set of gluing data for some finite set, I.
Then, the parametrization maps, 0;, induce a surjective map, ©: Mg — M, from the abstract
manifold, Mg, specified by G to the image, M C R?, of the parametric pseudo-manifold, M,
and the following property holds: For every €);,

0;=0om,
where the 7;: Q; — Mg are the parametrization maps of the manifold Mg (see Proposition

4.1). In particular, every manifold, M, induced by the gluing data G is the image of Mg by
amap ©: Mg — M.



174 CHAPTER 4. CONSTRUCTION OF MANIFOLDS FROM GLUING DATA

Proof. Recall that

Mg = (H Qz)/ ™~

i€l

where ~ is the equivalence relation defined so that, for all z,y € [, 4,

r~y it (3(4,7) € K)(x € Qij, vy € s, y = @ji(x)).
The proof of Proposition 4.1 also showed that 7;(€2;) N 7;(€;) # 0 iff (i,j) € K and if so,
7i() N 7;() = 1 (Qg) = 75(Q0)-
In particular,
Ti(Qh — Qi) N 75( — Qjs) =0
for all (2,7) € I x I (Q;; = Qj = 0 when (4,5) ¢ K). These properties with the fact
that the 7;’s are injections show that for all (i,5) ¢ K, we can define ©;: 7;(€;) — R¢ and
@ji Ti(Qj> — Rd by
O.(le]) = bila) v e O, =), v Oy
For (i,j) € K, as the the 7;’s are injections we can define ©;: 7,(; — Q;;) — R? and
9]'1 TZ<Qj - Q]z) — Rd by
Oi([z]) = bi(z), 2 € & = Qi 6;([y]) =0;(y), y € O — Q.

It remains to define ©; on 7;(€;;) and ©; on 7;(£2;;) in such a way that they agree on
7;(82;) = 7;(2;;). However, condition (C) in Definition 4.3 says that for all = € Q;;,

0i(x) = 0;(p;i()).
Consequently, if we define ©; on 7;(€2;;) and ©, on 7;(£2;;) by
Oi([z]) = bi(x), v € Qyy,  O4([y]) = 0;(y), ¥ € Qjs,
as & ~ @;;(x), we have

Oi([z]) = bi(x) = 0;(pji(x)) = O;([psi(x)]) = ©;([z]),

which means that ©; and ©; agree on 7;(§;;) = 7;(€2;;). But then, the functions, ©;, agree
whenever their domains overlap and so, they patch to yield a function, ©, with domain Mg
and image M. By construction, §; = © o 7; and as a manifold induced by G is a parametric
pseudo-manifold, the last statement is obvious. [

The function, ©: Mg — M, given by Proposition 4.4 shows how the parametric pseudo-
manifold, M, differs from the abstract manifold, Mg. As we said before, a practical method

for approximating 3D meshes based on parametric pseudo surfaces is described in Siqueira,
Xu and Gallier [138].
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