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The Surface Fitting Problem

Given a mesh St in R?, a positive integer k, and a positive
real number ¢, our goal here is to fit a C* surface, S, in R?

to St.

The Manifold-Based Approach:

We solve the fitting problem by defining a C* parametric
pseudo-surface, M, such that S is the image, M, of M in

R,
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The Surface Fitting Problem

Key ldea:

e Use ST to define the set of gluing data, G, of M.
e Use |St| to define the set of parametrizations, (6;);c7,

of M.
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Let

be a map that assigns a unique /label from {1, ..., 1]} to each
vertex in 1.
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Q= {(z,y) € R® | (z — 2 1(v))* +y° < [cos(m/m,)]°},

where m,, is the degree of v.




Building a Set of Gluing Data




Building a Set of Gluing Data

Remark:

It is important to mention that for every v € I, the set (), is
open in R?. Furthermore, for every u,w € I, with u # w, we

have
Q, N, =10.

So, the (£2,)vcr is a family of p-domains (see definition of sets
of gluing data).
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Gluing domains

To define the family of gluing domains, (€2;;)(; j)erxr, we need
define the notions of a P-polygon and its associated triangula-
tion, two linear functions, and a more general, transcendental
map.
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For each vertex v of ST, we define a P-polygon, P,:




Building a Set of Gluing Data

For each vertex v of S, we define a P-polygon, P,:
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For each vertex v of St, we define the P-polygon, P,, as-
sociated with v as the regular polygon in R? given by the

vertices
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Let C', be the circle inscribed in P,. Then, C, is the point
set

Cy ={(z,y) €R* | (x — 2 1(u))” +y* < [cos(m/mo)]"},

where m,, is the degree of v.
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Let C', be the circle inscribed in P,. Then, C, is the point
set

Cy = {(z,y) €R* | (2 — 2 U(«))* + ¥ < [eos(m/m,)]*},

where m,, is the degree of v.
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Note that 2, = int(C)):

RQ

Q, = nt(Cy).
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Define the triangulation, 7’,, associated with v by adding
straight edges (diagonals) connecting the barycenter of P, to
Its vertices:
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Define the triangulation, 7),, associated with v by adding
straight edges (diagonals) connecting the barycenter of P, to
Its vertices:

R2
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For every vertex, v, of ST, consider its star, st(v, Sp):

\%/Sif(v, St)
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Note that T’, can be viewed as a parametrization of st(v, St)

y N\
Vev,

20
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Indeed, we can define a bijection,
Sy 1 st(v,St) — T, ,

which maps vertices (resp. edges and triangles) of st(v, St)
to vertices (resp. edges and triangles) of T, as described in
the next slide:

21
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Building a Set of Gluing Data

To define s, it suffices to make a one-to-one correspondence
between the vertex sets of st(v,St) and T, such that (1)
sy(v) =" and
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(2) [v,vi,viq1] is a triangle of St iff [V, 5,(v"), sy (vi )]

is a triangle in T,,, where v’ is the barycenter of P,, i =
0,...,m, — 1, and 7 + 1 should be taken congruent modulo

My .
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For each v € I, let t,, : R?* — R? be the unique rigid transfor-
mation (i.e., a translation) that takes (2-1(u),0) to the origin,

(0,0), of R2.
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For each v € I, let t,, : R?* — R? be the unique rigid transfor-
mation (i.e., a translation) that takes (2-1(u),0) to the origin,

(0,0), of R2.
/%2 l(u),0)
1
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Building a Set of Gluing Data

For each u € I, let t,, : R?* — R? be the unique rigid transfor-
mation (i.e., a translation) that takes (2-1(u),0) to the origin,

(0,0), of RZ.

Ay RQ

AN A
Vaval x>§/ 9’

25




Building a Set of Gluing Data




Building a Set of Gluing Data

Let II : R® — {(0,0)} — (—m, 7] x R be the maps that
converts Cartesian to polar coordinates and is given by

[I(q) = 11((z,y)) = (0,7),

for every ¢ € R? — {(0,0)}, where § € (—m,n] is the angle
uniquely determined by

cos(x/r) and sin(y/r),
and 7 € Ry is the length, with

r = \/:132 Y .
26
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Building a Set of Gluing Data

Note that 1I is bijective and its inverse,
I (=7 x Ry — R® —{(0,0)},
IS given by

171 ((0,7)) = (r-cos(f),r - sin(h)) .

27




Building a Set of Gluing Data

Note that 1I is bijective and its inverse,
I (=7 x Ry — R® —{(0,0)},
IS given by

171 ((0,7)) = (r-cos(f),r - sin(h)) .

Note that both II and II=! are C'* functions.

27
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For each uw € I, let f, : (—7, 7] x Ry — (—m, 7] X Ry is
given by

R R R

6 cos (7 /my,

where (0, r) are the polar coordinates of ¢ € R? — {(0,0)}.
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For each uw € I, let f, : (—7, 7] x Ry — (—m, 7] X Ry is
given by

R R R

6 cos (7 /my,

where (0, r) are the polar coordinates of ¢ € R? — {(0,0)}.

R?
PR ~L
/,’ U
’ 1 [ \
V4 1
{ /) q \\
I 1 \
L Y - - - - — = ____
/ \ 1
\ \ 1
\ 1 /4
cos(m/my) \
~ \ ’
\
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For each uw € I, let f, : (—7, 7] x Ry — (—m, 7] X Ry is
given by

R R R

6 cos (7 /my,

where (0, r) are the polar coordinates of ¢ € R? — {(0,0)}.

————————————

-~
- -
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For each u € I, let g, : R — {(2-1(u),0)} — R? — {(0,0)}
be given by

gu(Q) =I""'o Juollo tu(Q) ;

for every ¢ € R? — {(2-1(u),0)}.
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For each u € I, let g, : R — {(2-1(u),0)} — R? — {(0,0)}
be given by

gu(Q) =I""'o Juollo tu(Q) ;

for every ¢ € R? — {(2-1(u),0)}.

2
R ) RQ
Il’ o \\“ ,I; ;\\\
h & ) gu(p)
/ Nl ’ T cos(7/6) <\:\ ———————————
cos(m/mu) ‘\\ /O \
TTeeen \ : 2-iw),0) SN 327 (0,0)
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Function g, Is bijective and its inverse,

g, 1R —{(0,0)} — R* — {(2-1(u),0)},

Is given by

9. (q) =t ol o firl o TI(q),

for every ¢ € R? — {(0,0)}.

30
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Note that
fu_l : (_7T77T] X IR—I— — (_ﬂ-aﬂ-] X R—I—a

the inverse of f,, is given by

F((8,s) = (i g, coslr/ma) ) |

my | cos(mw/6)

where (3, s) are the polar coordinates of ¢ € (—m, 7| x R,..

31
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Let h : R? — R? be the map h(p) = h((z,y)) = (1 —z, —y):

32
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Let h : R? — R? be the map h(p) = h((z,y)) = (1 —z, —y):

A
Y

(0,0) (1,0) (0,0 .h(p) (1,0)
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Let |u, w| be an edge of St and R, ,,) be the rotation around
(2 -1(u),0) that identifies the edge [s,(u) = v, s, (w)] of Ty,
with its edge [u/, ug).
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Building a Set of Gluing Data

Let |u, w| be an edge of St and R, ,,) be the rotation around
(2 -1(u),0) that identifies the edge [s,(u) = u’, sy, (w)] of Ty,
with its edge [u/, ug).

R(u,w) (Su (w))
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Finally, for any two vertices, u and w of S, such that |u, w]

is an edge of S, let

I(uw) * Qu = {2 1), 0)} = guw) (R —{(2-1(v),0)}),

be the composite function given by

Guw)(P) = Ry 0y © 9o ©h 0 gu © Ruu)(p)

for every p € Q, — {(2-1(u),0)}.
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Su(x) R

35




Building a Set of Gluing Data

Su(x) R
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Building a Set of Gluing Data

For any two vertices, u,w € I, the gluing domain, €, is

defined as

(Qu if u = w,

Quw =93 Jwu)(Qw —{(2-U(w),0)}) NQ, if [u,w] is an edge of St,
0 otherwise.

\
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Building a Set of Gluing Data

We can show that the above definition of gluing domain sat-
isfies condition (2) of the definition of sets of gluing data we
saw before:
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Building a Set of Gluing Data

We can show that the above definition of gluing domain sat-
isfies condition (2) of the definition of sets of gluing data we
saw before:

(2) For every pair (¢,5) € I x I, the set €2;; is an open
subset of €2;. Furthermore, ;; = Q; and Q;; # 0 if and
only if Qij 75 @

37
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Transition functions

Let
K =A(u,w) € I xI|Qy, #£0}.

38
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Building a Set of Gluing Data

For any pair, (u,w) € K, we define 0y @ Quw — Quwuw,
the transition function from 2, to 2,,, by the following

expression

(p if u=w,

WU — 4 :
Puu(p) Gw ) (p) otherwise

\

for every point p € 2.
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For any pair, (u,w) € K, we define 0y @ Quw — Quwuw,
the transition function from 2, to 2,,, by the following

expression

(p if u=w,

WU — 4 :
Puu(p) Gw ) (p) otherwise

\

for every point p € 2.

Sw () o
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Building a Set of Gluing Data

We can show that the above definition of transition functions
satisfies conditions (3)(a)-(c) of the definition of sets of gluing
data:

40




Building a Set of Gluing Data

We can show that the above definition of transition functions
satisfies conditions (3)(a)-(c) of the definition of sets of gluing
data:

(a) @;; =idg,, for all i € 1,
(b) i = gpjzl, for all (i,5) € K, and

(c) for all 4, 7, and k, if Q2;; N Qi # 0 then gpﬁl(ﬂji N
ij) C Qi and pi(x) = i o ji(x), for all x €
SD]’L (Q]Z a Q]k)

40
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Conclusions

We learned one way of defining a set of gluing data from a
triangle mesh.

The set of gluing data has n,, p-domains, and 2-n, non-empty
gluing domains and transition functions, where n, and n. are

the number of vertices and edges, respectively, of the input
triangle mesh.

Our transition functions are C'°°° (which is a very desirable

property), but they are not very simple (i.e., linear, affine,
polynomial).
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Conclusions

The complexity of a set of gluing data is basically determined
by its “size” and by the complexity to evaluate the transition
functions.
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Ideally, we should have a small set of gluing data (space com-
plexity) and very simple transition functions (time complexity).
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Conclusions

The complexity of a set of gluing data is basically determined

by its “size” and by the complexity to evaluate the transition
functions.

Ideally, we should have a small set of gluing data (space com-
plexity) and very simple transition functions (time complexity).

What can we say about our construction?
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Conclusions

Why didn't we let the interior of the P-polygons be the p-
domains?
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Conclusions

Why didn't we let the interior of the P-polygons be the p-
domains?

Simple answer: we failed to figure out the transition maps!
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Conclusions

OPEN PROBLEM: Can you find a simple C°° bijective map
g satisfying g, w) = 9(uw) © G(v,u) (this has to do with the
cocycle condition)?
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e Siqueira, M;, Xu, D;, Gallier, J.; Morera, D;, Nonato,
L. G.: Velho, L.: A New Construction of Smooth
Surfaces from Triangle Meshes Using Parametric

Pseudo-Manifolds, preprint submitted to Computer &
Graphics.

Download a PDF from the course web page:

http://w3.impa.br/~1lvelho/ppm09
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